This Lecture Notes is meant to introduce noncommutative algebraic geometry tools (which were invented by M. Artin, W. Schelter, J. Tate, and M. Van den Bergh in the late 1980s) and also graded skew Clifford algebras (which were introduced by T. Cassidy and M. Vancliff).
9 Definition of Polynomial Growth (c.f., [7] By the 1980s, a lot of algebras had arisen in quantum physics, specifically quantum groups, and many traditional algebraic techniques failed on these new algebras. In physics, quantum groups are viewed as algebras of non-commuting functions acting on some "non-commutative space"( [5] ). In the early 1980s, E. K. Sklyanin, a physicist, constructed a family of graded algebras on four generators ( [9] ). These algebras were later proved to depend on an elliptic curve and an automorphism ( [6] ). By the late 1980s, it was known that many of the algebras in quantum physics are regular algebras; in particular, the family of algebras constructed by Sklyanin consists of regular algebras.
The main results in [1] , [2] , and [3] concern the classification of regular algebras of global dimension 3 on degree-one generators. The quadratic regular algebras of global dimension 3 can be described using geometry, i.e. the point scheme E ⊆ P 2 . These algebras, where E contains a line as well as those that are "generic", are given in [2] , and [3] , and entail: P 2 , elliptic curve, conic union a line, triangle, (triple) line, a union of n lines where n ∈ {2, 3} with one intersection point. It should be noted that the cases where E is a nodal cubic curve or a cuspidal cubic curve are not discussed in [2] or [3] as such algebras are not generic.
T. Cassidy and M. Vancliff introduced a class of algebras that provide an "easy" way to write down some quadratic regular algebras of global dimension n where n ∈ N ( [4] ). In fact, they generalized the notion of a graded Clifford algebra and called it a graded skew Clifford algebra (see Definition 3.1).
Definitions 2.1 Definition of Graded Algebras [2]
Throughout this lecture notes, K denotes an algebraically closed field, char(K) = 2, and K
(1) A = i≥0 Ai where the Ai are vector spaces over K,
For each i, Ai is the span of the homogeneous elements of degree i. 
Examples
for all i (c.f., [7] ).
(2) The free algebra A = K x1, . . . , x d where xi, for all i, have degree ni ∈ Z.
Here, A is a non-commutative analogue of the algebra A in (1).
Nonexamples
(1) The algebra
where x and y have degree 1, is not graded. The relation x 2 = y in A is not homogeneous and so A1 ∩ A2 = {0} which violates (1) in Definition 2.1.1.
(2) The algebra
where x has degree 1 and y has degree 2, is graded but not generated by A1 since y ∈ A2.
Definition of Quadratic K-Algebra
A K-algebra A is called quadratic if:
(1) A is graded (as defined above),
(2) A is a quotient of the free algebra by homogeneous relations of degree 2.
Example
The algebra
is quadratic.
Nonexample
, where x has degree 1, is graded but is not quadratic. The relation x 3 = 0 has degree 3.
In order to define a regular algebra, we first need the concepts of polynomial growth, global dimension, and Gorenstein, which we now define.
Global Dimension
The algebra A has global dimension d < ∞ if every A-module M has projective dimension ≤ d and there exists at least one module M with projective dimension d.
Example
The polynomial ring, K[x1, . . . , x d ], has global dimension d by Hilbert's syzygy theorem (c.f., [8] ).
Definition of Polynomial Growth (c.f.,[7])
A graded algebra A, as above, is said to have polynomial growth if there exists positive real numbers c, δ such that dim K An ≤ cn δ for all n ≫ 0.
For all known quadratic regular algebras of global dimension d, the minimal such
Example
for all ǫ > 0 where n ≫ 0. Thus A has polynomial growth.
Definition of Gorenstein [1]
By [2, §2], for a graded algebra A as in Definition 2.1.1, the global dimension of A equals the projective dimension of the graded left module AK (and projective dimension of the right module KA). The algebra A is Gorenstein if
(1) the projective modules P i appearing in a minimal resolution
of AK are finitely generated, and if 
Example
Definition of Regular Algebras [2]
A graded K-algebra A is called a regular algebra if
(1) A has polynomial growth, (2) A has finite global dimension, (3) A is Gorenstein.
Definition of Normalizing Sequence
A sequence a1, . . . , an of elements of a ring R with identity is called a normalizing sequence if a1 is normal element in R (i.e. a1R = Ra1) and for each j ∈ {1, . . . , n − 1}, aj+1 is a normal element in R/ j i=1 aiR and also
3 Graded Skew Clifford Algebras T. Cassidy and M. Vancliff defined a class of algebras in [4] that provide an "easy" way to write down some quadratic regular algebras of global dimension d for all d ∈ N.
Definition of Graded Skew Clifford Algebras [4]
For {i, j} ⊂ {1, . . . , n}, let µij ∈ K × satisfy µij µji = 1 for all i = j, and write
Henceforth, suppose µii = 1 for all i, and fix µ-symmetric matrices M1, . . . , Mn ∈ M (n, K). A graded skew Clifford algebra associated to µ and M1, . . . , Mn is a graded K-algebra on degreeone generators x1, . . . , xn and on degree-two generators y1, . . . , yn with defining relations given by:
(a) xixj + µij xjxi = n k=1 (M k )ijy k for all i, j = 1, . . . , n, and (b) the existence of a normalizing sequence {r1, . . . , rn} of homogeneous elements that span Ky1 + · · · + Kyn.
Example
Let µ21, λ ∈ K × . If
then any graded skew Clifford algebra A associated to M1, M2 satisfies
Definition of Quadric System [4]
Let S be the K-algebra on generators z1, . . . , zn with defining relations zj zi = µij zizj, for all i, j and let
We say {q1, . . . , qn} is a quadric system.
Example
For the algebra A in Example 2.2.2, we have
.
However, since char(K) = 2, we consider:
Definition of Normalizing Quadric System
A quadric system {q1, . . . , qn} is normalizing if n k=1 Kq k ⊂ S is spanned by a normalizing sequence of S.
Example
Referring to Example 2.2.4, in S, zi is normal for all i, and q1z1 = µ12z1q1, q1z2 = µ21z2q1.
Therefore q1 is normal in S. In
So q2 is normal in 
Definition of Zero Locus [4]
Suppose A = K x1, . . . , xn and f ∈ A2. We define the zero locus V(f ) of f to be
where P n−1 is identified with P(A * 1 ).
Similarly if f1, . . . , fm ∈ A2, then V(f1, . . . , fm) = {p ∈ P n−1 × P n−1 : fi(p) = 0 for all i}.
Definition of Base-Point Free [4]
Let Z be the zero locus in P n−1 × P n−1 of the defining relations of S, i.e.
Z =
i,j V(zj zi − µij zizj) ⊂ P n−1 × P n−1 .
The quadric system {q1, . . . , qn} is said to be base-point free (BPF) if Z ∩ V(q1, . . . , qn) is empty.
Example
Referring to Example 2.2.4, let p = ((α1, α2), (β1, β2)) ∈ P 1 × P 1 , and let (z2z1 − µ12z1z2)(p) = 0.
Therefore, we have α2β1 − µ12α1β2 = 0.
If α2 = 0, then β2 = 0. So ((1, 0), (1, 0)) ∈ P 1 × P 1 . If α2 = 0, i.e., α2 = 1, then β1 = µ12α1β2. So, ((α1, 1), (µ12α1, 1)) ∈ P 1 × P 1 . Therefore, Z = {((α1, α2), (µ12α1, α2)) : (α1, α2) ∈ P 1 }.
Let p ∈ Z. We have 0 = q1(p) = α1α2, 0 = q2(p) = µ12α1 2 + λα2 2 .
Thus α1 = α2 = 0 which is contradiction. Therefore {q1, q2} is BPF.
